The resonant and non-resonant dynamics of a Gaussian quantum wave packet travelling through a double barrier system is studied as a function of the initial characteristics of the spectrum and of the parameters of the potential. The behaviour of the tunnelling time shows that there are situations where the Hartman effect occurs, while, when the resonances are dominant, and in particular for b > π/∆k (b being the inter-barrier distance and ∆k the spectrum width), the tunnelling time becomes very large and the Hartman effect does not take place.
Introduction
Previous papers, both theoretical [1] [2] [3] and experimental [4, 5] , have shown very interesting behaviour of a quantum wave packet, occuring when it travels through a sequence of two potential barriers. The tunnelling time, evaluated as a simple phase time following the calculation of Hartman [6] , turns out to be independent of the thickness a of the barriers (as in the case of the Hartman effect [7, 8] for the tunnelling through one single barrier) and, moreover, results are also independent of the distance b between the two barriers (generalised Hartman effect). This effect has also been demonstrated experimentally in a series of experiments made with electromagnetic waves through optical fibres [4] .
The characteristics of the tunnelling, however, depend critically on the initial momentum of the particles, and on its spectrum. In fact, if the wave is not almost monochromatic as in the Hartmann limit, and its spectrum contains one or more of the momentum eigenvalues of the well, the tunnelling must be classified as resonant and the transit time becomes considerably longer than that predicted by the Hartmann approach [9] [10] [11] [12] .
In the present paper, we analyse the dynamics of the passage of a Gaussian wave packet through a double barrier as a function of its momentum and of the parameters of the potential barriers. The tunnelling time, in the form given in Refs [8, 13] is calculated, compared with the phase time and discussed. Regimes of violation of the Hartmann effect appear for large b and for large momentum spread ∆k.
Model equations and time evolution of the wave packet
We consider a quantum particle, impinging on a potential configuration of double barrier. The barriers, both of width a, are separated by a large well of width b. The potential is V (x) = 0 outside and V (x) = V 0 inside the barriers, as shown in Fig. 1 . The time evolution of the system is described by the one-dimensional Schrödinger equation and the initial condition is assumed to be a Gaussian wave packet
of width 2σ and centred on x = x 0 . The spectrum, conversely, has width ∆k = 1/σ and its centre is at k = k 0 . The transmission coefficient T can be deduced by analysis of the stationary solutions [13] and can be written as:
where k=
, with E energy of the particle. The shape of the transmission coefficient is shown in Figures 2 and 3 , where |t| is plotted versus k for V 0 =57 eV, a=0.5Å and for various values of b (Fig. 2(a) b= 0.1 A, (b) b= 0.66Å, (c) b= 1Å, (d) b= 2.75Å (e) b=25Å and (f) b=50Å and, in a different situation, with V 0 =64.6 eV and a=2.5Å. (Fig. 3(a) In both Fig. 2 and 3 a Gaussian momentum distribution is also presented (red curve) with k 0 = 3Å −1 and ∆k =0.05Å −1 .
In the tunnelling range, namely for k< 2mV 0 h 2 , one can see the presence of the momentum eigenvalues of the well between the two barriers. The energy eigenvalues increase in number as the parameter 2mV 0 b 2 /h 2 increases. In the limit 2mV 0 b 2 /h 2 ≪ 1, each resonant wave number k n approaches, from below, the corresponding eigenvalue nπ/b of an infinite well [13] . If one is interested in the tunnelling of a Gaussian wave packet characterised by a spectrum of width ∆k centred on k 0 , several situations can occur:
(i) non-resonant tunnelling : if k 0 is different from k n , and ∆k is very much thinner than k n -k n−1, the tunnelling is non-resonant and the tunnelling time is expected to be very short (for some choices even negative as happens in the case of a single barrier [14] ) due to the Hartman effect (see, for instance, cases (a) and (c) in If we fix k 0 and ∆k, and we increase b, a sequence of resonances passes over the initial momentum distribution of the wave packet, and when k n −k n−1 (which is almost π/b) becomes ≪ ∆k, more than one resonance accumulates on the range of the momentum distribution.
In Fig. 2 (e) and (f) and in Fig. 3 (e) situations of this kind are shown. So, we can recognise a further case: (iv) multi-resonant tunnelling :the momentum spectrum of the wave packet overlaps two or more resonant lines. In this case, referred to as a multi-resonant case and taking place when ∆k≪k n −k n−1 , the tunnelling time can be very much larger than all preceding cases. Comparing Fig. 2 and Fig. 3 , we can also see that the Breit-Wigner resonance width shrinks as a increases.
We have analysed the time evolution of the wave packet in some of these conditions. In figures 4 and 5 the modulus of the wave function |ψ| is presented versus x at some increasing times from the top to the bottom of the picture, respectively in a non-resonant, and in a resonant case. The values of |ψ| vs x are obtained from the finite element numerical solution of the one-dimensional Schrödinger equation for the same parameters as Fig. 3 . Moreover, x 0 has been taken equal to -250Å, the initial point of the barrier is at zero , a=2.5Å and ∆k= 0.05Å −1 . In both cases, and for all times shown, the spatial x-axis has been divided in three regions, x < 0 (left column), 0 < x < 2a + b (central column) and x > 2a + b (right column) and the ordinate axis scaled according to the values of |ψ| in each region.
In the non resonant case, given in Fig. 4 , b is taken equal 1,5Å. For this choice, only one resonance is present in the well, and is not coinciding with k 0 . The time instants presented from the top to the bottom of the figure are (a) t=2.6·10 sec, (c) t=7.8 · 10 −15 sec and (d) t=1.04 · 10 −14 sec . The time evolution is similar to that obtained in the case of a single barrier, with the exiting packet Gaussian shaped and advanced with respect to the free wave packet [14] . This advancement is shown in last box of Fig. 4 where the comparison between the free wave packet and the wave packet emerging from the potential is presented. The advancement is qualitatively similar and of the same order of magnitude as that predicted by Hartman for a single barrier of depth 2a [6] . The case shown in Fig. 5 represents a contrary example of a multi-resonant case. Here b=19.5Å and more than one resonance is present in the spectral component of the wave packet, as can be seen in Fig. 3 (f) . As the packet arrives at the first barrier, the well is filled with a strong stationary wave, which is then released slowly towards the right with a long tail. The global effect is an enhancement of the tunnelling time and a delay in the passage of the peak of the wave packet through the exit point x out = 2a + b. In Fig. 6 the exiting current density J out =h 2im (ψ * ∂ψ ∂x − c.c.) x=xout evaluated in x out is shown versus time for some different cases with b increasing, for the same parameters as Fig. 2 , with ∆k= 0.05Å −1 and x 0 = −500Å. The case shown in Fig. 5 represents a contrary example of a multi-resonant case. Here b=19.5Å and more than one resonance are present in the spectral component of the wave packet as can be seen in Fig. 3 (f) . As the packet arrives at the first barrier, the well is filled with a strong stationary wave, which is then released slowly towards the right with a long tail. The global effect is an enhancement of the tunnelling time and a delay in the passage of the peak of the wave packet through the exit point x out = 2a + b as can be seen by comparing |ψ| with the analogous quantity for the free wave packet (red curve in the last panel of Fig. 5 ). The free wave function has been appropriately scaled in order to permit the comparison. In Fig. 6 the exiting current density J out =h 2im (ψ * ∂ψ ∂x − c.c.) x=xout evaluated at x out is shown versus time for some different cases with b increasing, for the same parameters as Fig. 2 , with ∆k=0.05Å −1 and x 0 = −500Å. In Fig. 6(a) the same non-resonant case as Fig. 2(a) (b=0.1Å is presented. In the second box, in Fig. 6 (b) a resonant case with b=0.66Å is shown.
As can be seen in Fig. 6 (c) ( b=25Å) and in Fig. 6(d) (b=50Å) , the current density loses the Gaussian shape and develops a tail that becomes more and more accentuated as b increases. These last two cases correspond to the multi-resonant transfer shown in Fig. 2(e) and (f) .
The presence of the tail is related to the multiple reflections inside the well between the two barriers that produce a stationary wave that is released outside slowly. One can see also that the peak delays as b increases. These figures permit us to determine the peak transit time at the instant at which the current density J out is maximum. 
Tunnelling time evaluation
We have then evaluated the mean transit time through the exit point of the barriers as proposed in Ref [8] and [15] , with the following expression:
In Fig. 7 we have reported the mean transit time τ (blue line plus open triangles) and the peak transit time (red solid squares) through the exit point of the barriers versus the inter-barrier distance b for the case of Fig. 3 and ∆k= 0.05Å −1 . The regions delimited by vertical lines are those where a resonance falls inside the wave-numbers of the spectrum. Furthermore, the transit time of a free wave packet is also shown (oblique violet line).
As can be seen , the transit time τ and the peak transit time show a similar behaviour, generally flat as expected in the presence of the generalised Hartman effect and predicted for the phase time [6] , but with rough enhancements in correspondence to the resonances. It is clear that, in resonance conditions, the long tail developed by J out , shown in 6, increases very much the values of τ . Furthermore, the peak and the mean transit time inside the resonance regions become larger than the free transit time, as can be seen in Fig. 7 beside the third and the fourth resonance. From the behaviour of the transit time we infer that the generalised Hartman effect does not occur close to or inside the resonant regions, while between two contiguous resonant regions it does take place.
Moreover, this is true only for b not too large, when the resonances are not numerous and ∆k≪k n −k n−1 , in the limit b < π/∆k. For the data of Fig. 7 , with ∆k= 0.05Å −1 we obtain intervals of Hartman effects up to b < 60Å. If we analyse the tunnelling time for larger b, we have calculated that the region where the Hartman effect takes place becomes smaller and smaller and the resonance effects become dominant over the whole b range.
In Fig. 8 the tunnelling time < τ OR >, as given in Ref [8] and [15] :
is plotted versus b for ∆k= 0.2Å −1 , a= 5Å, k 0 = 1.62Å −1 and V 0 = 10 eV . Here
is the positive part of the current density calculated at the initial point of the first barrier and in the calculation of expression (4) the initial spectrum of the wave function does not contain components in the transmission range.
We can see that for very small b, starting from b=0, when the resonances do not play any role, < τ OR > is negative as in the case of one barrier studied in Ref [16] . For larger values of b, when the first resonance appears on the tail of the Gaussian momentum distribution of the initial wave packet, the value of < τ OR > soon becomes positive and then larger and larger.
The presence of negative tunnelling times in the transit through a barrier has already been found theoretically and experimentally in several situations, either with electromagnetic waves in dispersive media [17] or with quantum wave packets [16, 18, 19] . It has been interpreted as an effect of the reshaping of the wave packet [17] or as a possible consequence of interference inside the barrier [8, 20] .
In the case of two barriers, studied here, the negative values of <τ OR > cannot be explained solely by means of the wave-packet spreading or shrinking, because in this situation there is a real wave-packet reflection between the barriers, as well as an essential interference between going-in and going-back wave packets in the space between the barriers. However, we must conclude that the conditions for the occurrence of negative tunnelling times for the single barrier, namely large a and ∆k large, together with the non resonant conditions given by k 0 =k n , ∆k≪ π/b, circumscribe the phenomenon to a very narrow interval in the parameter space and in particular to a very narrow interval in b, as can be seen from Fig. 8 . It seems to us that the phenomenon of negative tunnelling times is more characteristic of the single barrier tunnelling than of the double barrier and that it can be found in this last system only when the separation between the barriers is so thin that the system can be considered as a single barrier. 
Conclusions
The resonant and non-resonant dynamics of a wave packet crossing a double barrier system have been investigated by means of the numerical integration of the Schrödinger equation. The mean transit time through the double barrier has been calculated and compared with the peak transit time and with the phase time. We have shown that the transit time results are independent of the inter-barrier distance b (generalised Hartman effect), as was analytically and experimentally demonstrated, but under a sequence of conditions.
In fact, the generalised Hartman effect occurs in the limit of very narrow spectra of the wave packet, together with the condition of absence of resonances in the spectral component of the wave packet. These circumstances are expressed by the following conditions: k 0 = k n (k n wave numbers of the resonances) and b ≪ πv∆k. The transit time through the double-barrier shows therefore, versus b, a behaviour generally flat but with strong enhancements in correspondence to the resonances. For increasing b, the intervals of occurrence of the generalised Hartman effect gradually reduce, and the resonant tunnelling dominates. If we choose the parameters in such a way that for a single barrier the tunnelling time is negative(namely a and ∆k large), we find this same effect also in the case of a double barrier, but only for very small b. This seems to indicate that the occurrence of negative times is characteristic of the tunnelling through one single barrier and that the presence of the inter-barrier distance contributes to eliminate this effect.
